We prove a conjecture of J. Palis: any diffeomorphism of a compact manifold can be C 1 -approximated by a Morse-Smale diffeomorphism or by a diffeomorphism having a transverse homoclinic intersection.
Introduction

Homoclinic intersections in dynamical systems
In his (corrected) prize essay [Po 1 ], H. Poincaré was the first to imagine around 1890 the existence of "doubly asymptotic solutions", that are now called transverse homoclinic intersections: for a diffeomorphism, these are the transverse intersection points between the stable and unstable manifolds of a hyperbolic periodic orbit. He discovered that this simple assumption implies a very intricate behavior: in [Po 2 ], he showed that any transverse homoclinic intersection is accumulated by other homoclinic points. In 1935 G.D. Birkhoff proved [B] by topological arguments that it is also the limit of infinitely many periodic points. Later on (in 1965), S. Smale introduced [Sm 3 ] a geometrical model for the dynamics occurring near a homoclinic orbit: the horseshoe is an invariant compact set that carries a hyperbolic dynamics and contains all the complicated phenomena discovered by Poincaré and Birkhoff, but that can also be described by coding. Hence, the transverse homoclinic intersections give birth to very rich dynamics (in particular, the topological entropy is non zero) and moreover they are robust (i.e. they persist under C 1 -perturbation of the system). S. Newhouse then associated [N 2 ] to any hyperbolic periodic orbit having transverse homoclinic intersections a very natural invariant compact set that contains these horseshoes: he defined the homoclinic class as the closure of all the transverse homoclinic points of this periodic orbit. Nowadays the phenomena creating homoclinic bifurcations still remains a major topic in differentiable dynamical systems (see [PT, BDV] ).
In the opposite direction, Smale defined [Sm 1 ] a class of diffeomorphism whose dynamics is very simple, the Morse-Smale diffeomorphisms: the chain recurrent set (which carries the nontrivial dynamics, see section 1 for the definitions) is hyperbolic and finite 1 ; moreover the invariant manifolds of the periodic orbits are in general position (satisfying the strong transversality condition). As a consequence, any non-periodic orbit accumulates in the past and in the future on two different periodic orbit; these diffeomorphisms have no homoclinic intersection. Moreover, the set of these diffeomorphisms is open: in fact, J. Palis and Smale [PaS] have proven that any C 1 -perturbation of a Morse-Smale diffeomorphism is a Morse-Smale diffeomorphism that is conjugate to the initial dynamics through a homeomorphism (the dynamics is structurally stable).
Palis has stated [Pa 1 , Pa 2 ] many conjectures about dissipative differentiable dynamics and in particular that the homoclinic intersections are "always" responsible for complicated dynamics: this was formulated for the set Diff r (M ) of C r -diffeomorphisms (r ≥ 1) of a compact manifold M endowed with the C r -topology.
Weak Palis conjecture. The space Diff r (M ) of C r -diffeomorphisms (r ≥ 1) contains a dense open set which decomposes as the union MS ∪ I of two disjoint open sets:
• MS is the set of Morse-Smale diffeomorphisms,
• I is the set of diffeomorphisms having a transverse homoclinic intersection.
One interest of the conjecture is that it gives information on a large (open and dense) set of diffeomorphisms.
One may first restrict this question to the open set of hyperbolic diffeomorphisms which are the diffeomorphism whose chain-recurrent set is hyperbolic 1 . Smale has shown [Sm 3 ] that the chain-recurrent set of any hyperbolic diffeomorphism is the disjoint union of finitely many basic sets: these are the homoclinic classes defined by Newhouse in [N 2 ]. If there is no homoclinic intersection, each basic piece is trivial (it is a periodic orbit) and the dynamics is Morse-Smale (up to a C r -perturbation which gives the transversality between the invariant manifolds of the periodic orbits). Hence, the conjecture is satisfied inside the set of hyperbolic diffeomorphisms 2 .
However it was discovered that the set of hyperbolic diffeomorphisms is not dense among differentiable dynamics (two families of counter-examples were described, starting from those built by R. Abraham and Smale [AS] and Newhouse [N 1 ]). Palis then conjectured [Pa 1 , Pa 2 ] that the homoclinic bifurcations are "always" responsible for non-hyperbolicity: Strong Palis conjecture. Any C r -diffeomorphism (r ≥ 1) of a compact manifold is either hyperbolic or can be C r -approximated by a diffeomorphism having a homoclinic tangency or a heterodimensional cycle.
It is easy to see that this second conjecture implies the first one since the dynamics at a homoclinic bifurcation can be perturbed in order to create a transverse homoclinic intersection (see section 4.1). Note also that these conjectures hold when M is one-dimensional since in this case M. Peixoto showed [Pe] that the Morse-Smale diffeomorphisms are dense in Diff r (M ) for any r ≥ 1.
Main results
In topologies C r , with r > 1, very few techniques are available up to here for proving these conjectures (in particular, a C r -closing lemma is missing). On the other hand, many tools have been developed during the last decade for the topology C 1 allowing substantial progress in this direction.
The C 1 strong conjecture has been solved on surfaces by E. Pujals and M. Sambarino [PuS 1 ]; in higher dimensions some progress have been obtained by several people: S. Hayashi, Pujals [Puj] and L. Wen [W] . Very recently, C. Bonatti, S. Gan and Wen have managed to show [BGW] the weak conjecture on three-dimensional manifolds. In this paper we are aimed to prove it in any dimension.
Main theorem. Any diffeomorphism of a compact manifold can be C 1 -approximated by a Morse-Smale diffeomorphism or one exhibiting a transverse homoclinic intersection.
As it was noticed in [PuS 1 ], this result gives a description of the set of diffeomorphisms having zero topological entropy: we will say that a diffeomorphism f has robustly zero entropy if any diffeomorphism in a C 1 -neighborhood of f has zero entropy. We define in a similar way the diffeomorphisms having robustly non-zero entropy. Note that if a diffeomorphism is MorseSmale it has zero entropy, if it has a transverse homoclinic intersection it has non-zero entropy. As a consequence, we get:
Corollary. The closure of the set of diffeomorphisms having robustly zero entropy coincides with the closure of the Morse-Smale diffeomorphisms.
The closure of the set of diffeomorphisms having robustly positive entropy coincides with the closure of the set of diffeomorphisms exhibiting a transverse homoclinic intersection.
This can be compared to a property proved by A. Katok [Ka] for C 2 -diffeomorphisms on surfaces: the C 2 surface diffeomorphisms having positive entropy are the diffeomorphisms exhibiting a transverse homoclinic intersection.
Let us also mention some related results in the conservative setting. If M is endowed with a symplectic form ω or a volume form v, one considers the spaces Diff r (M, ω) and Diff r (M, v) of C r diffeomorphisms that preserve ω or v. Since there is no conservative Morse-Smale dynamics, one expect that the set of conservative diffeomorphisms having a transverse homoclinic intersection is dense.
-For the C r topology, r ≥ 1, some results are known on surfaces: E. Zehnder has proven [Ze] that any surface diffeomorphism having an elliptic periodic point is approximated by diffeomorphisms having a transverse homoclinic orbit. More generally, the existence of transverse homoclinic intersection is dense in most homotopy class of conservative surface C r -diffeomorphisms: see the works by C. Robinson [R 1 ], D. Pixton [Pi] and F.
-For the C 1 -topology, one has a better description: by the conservative closing lemma of C. Pugh and Robinson [PR] , for any diffeomorphism f in a dense G δ subset of Diff 1 (M, ω) or Diff 1 (M, v), the hyperbolic periodic points are dense in M . Moreover, F. Takens has proven [T] (see also [X] ) that each hyperbolic periodic point has a transverse homoclinic orbit. This gives the C 1 weak Palis conjecture in the conservative setting.
-With M.-C. Arnaud and Bonatti, we have shown [BC, ABC] that if M is connected it is C 1 -generically a single homoclinic class, implying that the dynamics of f is transitive (there exists an orbit that is dense in M ).
Combining this with arguments of [BDPR, theoremD] written for robustly transitive sets, one gets the C 1 strong Palis conjecture in the conservative setting:
Any conservative diffeomorphism of a compact manifold can be C 1 -approximated by a conservative Anosov diffeomorphism or by a conservative diffeomorphism having a homoclinic tangency or a heterodimensional cycle.
Discussions on the techniques
One possible approach for analyzing a dissipative dynamical system is to split the dynamics into elementary pieces that one could study independently. This method is now well understood for the C 1 -generic diffeomorphisms: by using pseudo-orbits, C. Conley's theory [Co] decomposes the dynamics on the chain-recurrent set of any homeomorphism into elementary pieces, called chain-recurrence classes. In particular, if each chain-recurrence class of a generic diffeomorphism is reduced to a periodic orbit, then the dynamics is Morse-Smale. Following ideas developed by Pugh for the closing lemma [Pug] and by Hayashi for the connecting lemma [H] , we proved with Bonatti a connecting lemma for pseudo-orbits [BC] : for the C 1 -generic diffeomorphisms it implies that a chain-recurrence class which contains a periodic point P coincides with the homoclinic class of P . In order to prove the weak conjecture, it thus remains to study the case there also exist chain-recurrence classes which do not contain any periodic orbit (these are called aperiodic classes). We have shown [Cr] that the aperiodic classes are the limit for the Hausdorff distance of a sequence of hyperbolic periodic orbits. If one shows that the invariant manifolds have uniform size, one can expect that they intersect, implying the existence of a homoclinic intersection: this happens for the hyperbolic diffeomorphisms. For more general diffeomorphisms, we will try to get weaker forms of hyperbolicity: we look for the existence of dominated splittings or of partially hyperbolic structures. One can hope to obtain such properties if one works with diffeomorphisms that are far from the known obstructions of the uniform hyperbolicity.
Once we are reduce to analyze partially hyperbolic systems, the size of the invariant manifold is controlled in the directions where the dynamics is uniformly contracting or expanding. It remains to understand what happens in the other directions: this is much simpler if the weak directions are one-dimensional, since the order of R can be used in this case.
Let us explain how these ideas already appear in the previous works. On surfaces, Pujals and Sambarino [PuS 1 ] obtain a dominated splitting E ⊕ F for diffeomorphisms that are C 1 -far from homoclinic tangencies. Then, they apply C 2 Denjoy techniques to control the distortion, the size of the invariant manifold and the expansion or contraction in both directions. They strongly use the fact that each weak bundle E or F is one-dimensional but also that they are extremal: it is possible to generalize their method in higher dimension in order to analyze partially hyperbolic dynamics with a one-dimensional central direction but under the assumption that the strong stable or the strong unstable direction is trivial (see [PuS 2 ] and [Zh] ).
In higher dimensions, Bonatti, Gan and Wen have managed [BGW] to control a non-extremal central bundle but their argument is semi-global and the partially hyperbolic sets they consider have to be chain-recurrent classes: they focus on the periodic orbits and the existence of filtrating neighborhoods implies long central stable or unstable manifolds. In dimension three, they can prove that any C 1 -generic diffeomorphism far from homoclinic bifurcations has such a partially hyperbolic chain-recurrence class.
In dimension larger or equal to 4, their argument is not sufficient since one would have to consider chain-recurrence classes with mixed behaviors, i.e. containing partially hyperbolic proper subsets whose stable directions have different dimension. This prevents the existence of a partially hyperbolic structure on the whole chain-recurrence class.
In this paper we give a different method which allows to deal with any partially hyperbolic chain-transitive set and to perform local arguments. As in the previous works, the proof of the main theorem is obtained in two steps: These two theorems are proven in the last section of the paper. Theorem A is a consequence of Wen's study [W] of diffeomorphisms C 1 -far from homoclinic bifurcations and of the minimally non-hyperbolic sets. Theorem B is obtained by introducing central models: they are defined and studied in an abstract way in section 2; then in section 3 we show how they appear in differentiable dynamics. In particular we explain how they imply the existence of homoclinic intersections: some of the arguments here were already used in [BGW] .
A difficulty when one wants to study a partially hyperbolic system is that we don't know in general if an invariant central foliation exist. M. Hirsch, Pugh and M. Shub [HPS] however have shown that a weaker property always holds: there is a locally invariant family of central plaques. This object has been already used many times (see for instance [PuS 1 ] or the "fake foliations" in the work by K. Burns and A. Wilkinson [BW] ). The central model is a tool for understanding the dynamics along the plaques; in particular, we forget that different central plaques may have wild intersections. The second ingredient is to replace the C 2 distortion techniques in [PuS 1 ] by topological arguments. In particular, one proves topological contraction in the central direction by looking for attractors in the central models: they are obtained by using pseudo-orbits and arguments of Conley's theory.
Notations and definitions
The closure, the interior and the boundary of a subset Y of a topological space X will be denoted by Cl(Y ), Int(Y ) and ∂(Y ) respectively.
For a compact metric space (X, d), we will use the Hausdorff distance between non-empty compact subsets A, B of X, defined by:
We will say that a sequence (z n ) in X is a ε-pseudo-orbit if d(h(z n ), z n+1 ) is less than ε for each n. For any points x, y ∈ X we write x ⊣ y if for any ε > 0, there exists a ε-pseudo-orbit (x = z 0 , z 1 , . . . , z n = y) with n ≥ 1. The set X is chain-transitive if for any x, y ∈ X, we have x ⊣ y. An invariant compact subset A ⊂ X is chain-transitive if h induces a chain-transitive homeomorphism on A. The union of the chain-transitive subsets of X is the chain-recurrent set of h, denoted by R(h). The chain-transitive sets of X that are maximal for the inclusion define a partition of R(h) into disjoint invariant compact sets called chain-recurrent classes. They are the objects of Conley's theory (see [Co, R 2 ] ). Usually one also considers another kind of recurrence: the non-wandering set Ω(h) is the set of points that do not have any neighborhood U disjoint from all its iterates f k (U ), k = 0.
Let us consider a compact smooth manifold M endowed with a Riemannian metric and a diffeomorphism f of M .
The diffeomorphism f of M is Kupka-Smale if all its periodic orbits are hyperbolic and if moreover for any periodic points p and q, the unstable manifold W u (p) of p and the stable manifold W s (q) of q are in general position (i.e. at any intersection point [Ku] and Smale [Sm 2 ] have shown that for any r ≥ 1 the set of Kupka-Smale diffeomorphisms is a dense G δ subset G KS of Diff r (M ) endowed with the C r -topology.
The diffeomorphism f is Morse-Smale if it is a Kupka-Smale diffeomorphism whose nonwandering set Ω(f ) (or equivalently whose chain-recurrent set R(f )) is finite.
More generally, we will say that f is hyperbolic if it is Axiom A (i.e. its non-wandering set is hyperbolic and contains a dense set of periodic points) and moreover satisfies the no-cycle condition. By Smale spectral theorem [Sm 4 ], this is equivalent to require that the chain-recurrent set R(f ) of f is hyperbolic, which is the definition we will use in this paper. The set of hyperbolic diffeomorphisms is an open set denoted by Hyp.
A diffeomorphism has a homoclinic tangency if there exists a hyperbolic periodic point p whose stable and unstable manifold have a non-transverse intersection point. The set of these diffeomorphisms will be denoted by T ang.
A diffeomorphism has a heterodimensional cycle if there exist two hyperbolic periodic orbits O 1 and O 2 whose stable manifolds have different dimensions and such that the unstable manifold of O i intersects the stable manifold of O j for (i, j) = (1, 2) and (i, j) = (2, 1). The set of these diffeomorphisms will be denoted by Cyc.
We say that two hyperbolic periodic orbits O 1 and O 2 are homoclinically related if the unstable manifold of O i intersects transversally the stable manifold of O j for (i, j) = (1, 2) and (i, j) = (2, 1). (The intersection points are called heteroclinic points of O 1 and O 2 .) This defines an equivalence relation on the set of hyperbolic periodic orbits.
Let P be a hyperbolic periodic point. Its homoclinic class H(P ) is the closure of the set of all the periodic points whose orbit is homoclinically related to the orbit of P . It also coincides with the closure of all the transverse intersection points of the stable and the unstable manifolds of the orbit of P . A homoclinic class H(P ) is non-trivial if it is not reduced to a periodic orbit.
More generally, if U is an open subset of M , we say that two periodic orbits contained in U are homoclinically related in U if they are homoclinically related by a pair of heteroclinic points whose orbits stay in U . If P is a periodic point whose orbit is contained in U , we define the relative homoclinic class H(P, U ) of P in U as the closure of the set of periodic points that are homoclinically related in U to the orbit of P . As above, it coincides with the closure of the set of transverse intersection points between the stable and the unstable manifolds of P whose orbits stay in U . The relative homoclinic class H(P, U ) contains periodic orbits that are related in U to the orbit of P and that are arbitrarily close to H(P, U ) for the Hausdorff distance.
We now discuss the link between chain-transitive sets and homoclinic classes for generic diffeomorphisms of M : in this paper, we will consider the set Diff 1 (M ) of C 1 -diffeomorphisms of M endowed with the C 1 -topology; this is a Baire space. Bonatti and Crovisier established [BC] a connecting lemma for pseudo-orbits. It implies that if f belongs to some residual set of Diff 1 (M ), then, any chain-recurrence class that contains a periodic orbit is a homoclinic class. The arguments may be easily localized (see [Cr, theorem 2 .2] for a local version of the connecting lemma for pseudo-orbits). We thus obtain the following restatement of [BC, remarque 1.10 ].
Theorem 1.1. There exists a dense G δ subset G rec ⊂ Diff 1 (M ) such that for any diffeomorphism f ∈ G rec , for any chain-transitive set K ⊂ M that contains a periodic point P and for any neighborhood U of K, the relative homoclinic class of P in U contains K.
Furthermore we proved in [Cr] a weak shadowing lemma implying that the chain-transitive sets that do not contain any periodic point, (the "aperiodic chain-transitive sets") can also be detected by the periodic orbits:
such that for any diffeomorphism f ∈ G shadow and any chain-transitive set K ⊂ M , there exist periodic orbits of f that are arbitrarily close to K for the Hausdorff distance.
We end these preliminaries by recalling some standard definitions on the linear subbundles preserved by a diffeomorphism f .
A linear subbundle E of the tangent bundle T K M over an invariant compact set K is uniformly contracted by f if there exists an integer N ≥ 1 such that for any point x ∈ K and any unitary vectors v ∈ E x we have
If E is uniformly contracted by f −1 , we say that E is uniformly expanded by f . The tangent bundle on an invariant compact set K has a dominated splitting T K M = E ⊕ F if it decomposes as the sum of two (non-trivial) linear subbundles E and F and if there exists an integer N ≥ 1 such that for any point x ∈ K and any unitary vectors u ∈ E x and v ∈ F x , we have
An invariant compact set K is partially hyperbolic if its tangent bundle decomposes as the sum of three linear subbundles E ss ⊕ E c ⊕ E uu (at most one of the two extremal bundles is non-trivial) so that:
• If E ss is non-trivial, the splitting
• The bundle E ss is uniformly contracted and the bundle E uu is uniformly expanded.
The bundles E ss , E c and E uu are called respectively the strong stable, central and strong unstable bundles. In the case E c is trivial, the set K is hyperbolic. The partially hyperbolic structure extends to any invariant compact set contained in a small neighborhood of K. (We refer to [BDV] for a survey on the properties satisfied by partially hyperbolic sets.) It is known (by M. Brin and Y. Pesin [BP] or by Hirsch, Pugh and Shub [HPS] ), that at each point x ∈ K there exists a C 1 -manifold W ss (x) called the strong stable manifold that is tangent to E ss x and characterized by
For some small constant ρ > 0, one can define the local strong stable manifold W ss loc (x) at x ∈ K as the ball centered at x of radius ρ in W ss (x). We get a continuous family (W ss loc (x)) x∈K of C 1 -embedded disks.
Let E be an invariant one-dimensional linear subbundle on an invariant compact set K. The diffeomorphism f acts on the bundle of orientations of E (which is also the unitary bundle associated to E). One says that f preserves an orientation of E if there exists a continuous section of the bundle of orientations of E over K, that is invariant by the action of f . In this case, the bundle E can be identified to the trivial bundle K × R.
The property that f preserves an orientation of the central bundle of a partially hyperbolic set is open: Proof. If f preserves an orientation on the central bundle E c K over K, then, the bundle of orientations on E c K is the union of two disjoint sections that are preserved by the action of f . Let Λ be an invariant compact set contained in a small neighborhood of K (one can assume that K is contained in Λ). Then Λ is also partially hyperbolic with a one-dimensional central bundle E c Λ . Moreover, the unitary bundles associated to E c Λ and E c K are close (for the Hausdorff topology). Hence, f also preserves a decomposition of the unitary bundle of E c Λ in two invariant compact sets.
2 Abstract central models: definition and properties
Definition
We first define in an abstract way a model for the central dynamics.
•K is a compact metric space (called the base of the central model),
and such that
•f is a local homeomorphism in a neighborhood ofK × {0}: there exists a continuous map
•f is a skew product: there exists two mapsf
Sincef preserves the zero sectionK × {0}, it induces a homeomorphism on the baseK, also given by the mapf 1 . The base of the central model is called minimal or chain-transitive if the dynamics off 1 onK is respectively minimal or chain-transitive. Sincef in general does not preservesK × [0, 1], the dynamics outsideK × {0} is only partially defined. This is however the dynamics we are aimed to analyze here.
Existence of trapping strips
A key assumption for us is the non-existence of chain-recurrent segments in the fibers of the productK
Remark 2.3. The fact that the dynamics is only partially defined has no influence on the definition of a chain-transitive set (see the section 1): in particular, I is contained in the maximal invariant set inK × [0, 1] so that all the iterates of I are contained inK × [0, 1].
The subsets ofK × [0, +∞) we consider will often have the following geometrical property: • There is no chain-recurrent central segment.
• There exist some strips S inK × [0, 1] that are arbitrarily small neighborhoods ofK × {0}
and that are trapping regions forf or forf
This proposition implies that the existence of a chain-recurrent central segment is a local property on the dynamics in a neighborhood of K × {0}.
An open strip S ⊂K × [0, 1) satisfyingf (Cl(S)) ⊂ S will be called a trapping strip.
Proof of proposition 2.5
Let dK be a distance onK and define a distance d onK
For ε > 0, one defines the ε-pseudo-orbits off as the sequences
This allows us to introduce the "chain-stable" and the "chain-unstable" sets: for any invariant subset Λ ofK × [0, 1] and any ε > 0, we consider:
, there is a ε-pseudo-orbit (z 0 , . . . , z n ) with z 0 = z and z n ∈ Λ},
, there is a ε-pseudo-orbit (z 0 , . . . , z n ) with z 0 ∈ Λ and z n = z}. One then sets pW
One now states three lemmas satisfied by the central models:
Lemma 2.6. For any ε > 0, the sets V s = pW s ε (Λ) and
The proof for V s = pW s ε (Λ) is similar.
Lemma 2.7. For any ε > 0, the sets pW s ε (K ×{0}) and pW u ε (K ×{0}) are strips ofK ×[0, +∞). As a consequence, the sets pW s (K × {0}) and pW u (K × {0}) also are strips ofK × [0, +∞).
Proof. Let z = (x, t) be a point in pW u ε (K × {0}). There exists a ε-pseudo-orbit (z 0 , . . . , z n ) such that z 0 belongs toK × {0} and z n = z.
Let us write z k as a pair (x k , t k ) and define I k as the segment {x k } × [0, t k ]. Since z k+1 is at distance less than ε fromf (z k ) for each k, one deduces from our choice of the distance d that I k+1 is contained in the ε-neighborhood off (I k ). The segment I 0 = {z 0 } is contained in K × {0}. Hence, one gets inductively that I k is included in pW u ε (K × {0}). In particular pW u ε (K ×{0}) contains the segment {x}×[0, t] = I n . This shows that pW u ε (K × {0}) is a strip. The proof for pW s ε (K × {0}) is similar.
Lemma 2.8. Let us assume that (K,f ) has a chain-transitive base and has no chain-recurrent central segment. Then, the chain-unstable set ofK ×{0} satisfies one of the following properties:
The same result holds for the chain-stable set ofK × {0}.
Proof. Let us assume by contradiction that these two properties are not satisfied: since pW u (K × {0}) is a strip, one gets (from the first property) a point x ∈K and η > 0 such that {x} × [0, η] is contained in pW u (K × {0}); one also gets (from the second one) a point y ∈K such that
We fix any constant ε 0 > 0. By our choice of y, for ε ∈ (0, ε 0 ) small enough, the strip pW u ε (K × {0}) does not contain the whole segment {y} × [0, ε 0 ]. Using thatK is chain-transitive, there exists a ε-pseudo-orbit (x 0 , . . . , x n ) inK (for the distance dK onK) such that x 0 = x and x n = y. One defines inductively a sequence of segments I k = {x k } × [0, t k ] in the following way: I 0 coincides with {x} × [0, η]; if I k has been defined, one denotes by {x ′ k }×[0, t ′ k ] its image byf and one sets t k+1 = min(t ′ k , 1). In particular, for any k, the segment I k+1 is both contained inK × [0, 1] and in the ε-neighborhood off (I k ). Since I 0 is contained in pW u (K × {0}), one deduces that I k is contained in pW u ε (K × {0}) for each k. In particular, I n can not contain the segment {y} × [0, ε 0 ] so that t n < ε 0 .
Let k ∈ {0, . . . , n − 1} be the smallest integer such that for any j ∈ {k + 1, . . . , n}, the segment I j has a length smaller than 1 (in other words t j < 1). By this definition, one has t ′ j−1 = t j for any j > k so thatf (I j−1 ) is contained in the ε-neighborhood of I j . Since ε < ε 0 and since I n is contained in the ε 0 -neighborhood ofK × {0}, one deduces that I k and all the I j , for j > k are contained in pW s ε 0 (K × {0}). From the argument above, I k is also contained in pW u ε 0 (K × {0}). By choosing another constant ε 0 , one obtains in the same way an interval I k = I(ε 0 ). Note that by definition, either k = 0 and I k (ε 0 ) has length η, or k > 0 and I k (ε 0 ) has length 1. In any case, when ε 0 goes to 0, one can extract from the (I k (ε 0 )) an interval I = {z} × [0, η] which is in the chain-recurrence class ofK × {0}. In particular, it is a chain-recurrent central segment and this contradicts our assumption on the central model (K,f ).
We now finish the proof of the proposition 2.5.
Proof of proposition 2.5. If there exists a chain-recurrent central segment I, then, any open strip S which is a trapping region forf orf −1 should contain I and so can not be contained in an arbitrarily small neighborhood ofK × {0}.
We thus assume conversely that there is no chain-recurrent central segment: in this case, for any δ > 0 the stripK × [0, δ] can not be both contained in pW s (K × {0}) and in pW u (K × {0}). By lemma 2.8, one deduces that pW s (K × {0}) or pW u (K × {0}) is equal toK × {0}. We will suppose that we are in the second case (in the first case, the proof is similar).
Since pW u ε (K × {0}) is decreasing towards pW s (K × {0}) =K × {0} when ε goes to 0, one deduces that for ε > 0 small enough, the set S = pW u ε (K × {0}) is an arbitrarily small neighborhood ofK × {0}. By lemma 2.7, S is a strip and by lemma 2.6, we havê
Since S andf (S) are small neighborhood ofK × {0}, this also gives the required property: f (Cl(S)) ⊂ Int(S) for the topology ofK × [0, +∞).
3 Central models for partially hyperbolic dynamics
Definition of central models for partially hyperbolic dynamics
We here explain how central models are related to partially hyperbolic dynamics. • π semi-conjugatesf and f : we have
• The collection of maps t → π(x, t) is a continuous family of C 1 -embeddings of [0, +∞) into M , parameterized byx ∈K.
• For anyx ∈K, the curve π(x, [0, +∞)) is tangent at the point x = π(x, 0) of K to the central bundle.
One can associate a central model to any partially hyperbolic set. This will be proven in the next section. Following the dichotomy of proposition 2.5, we then discuss in sections 3.3 and 3.4 the cases the central model has a chain-recurrent central segment or attracting strips.
Construction of central models
We here prove proposition 3.2 giving the existence of central models for partially hyperbolic sets. This is a consequence of the plaque family theorem of Hirsch, Pugh and Shub.
Let us consider a compact subset K of a manifold M and a linear subbundle E K of the tangent bundle T K M above K. At each point x ∈ K and for r > 0, we denote by E x (r) the open ball of radius r of the vector space E x and by E K (r) the collection of all the balls E x (r) for x ∈ K.
A plaque family tangent to E is a continuous map D from E K (1) into M such that:
• For each point x ∈ K, the induced map
• D x (0) = x and E x is the tangent space at x to the image of D x .
• (D x ) x∈K is a continuous family of C 1 -embeddings of the disks (E x (1)) x∈K .
When K and E K are invariant by a diffeomorphism f and its tangent map D K f , one says that the plaque family is locally invariant if there exists r > 0 satisfying the following property: for each x ∈ K, the image by f (resp. f −1 ) of the embedded disk D x (E x (r)) of radius r at x is contained in the embedded unit disk
We now state the plaque family theorem by Hirsch, Pugh and Shub (see [HPS] theorem 5.5).
Plaque family theorem. Let K be an invariant compact set for a diffeomorphism whose tangent space decomposes into a dominated splitting
there exists a locally invariant plaque family that is tangent to E.
Remark 3.3. If the tangent space of K has a dominating splitting into three bundles T K M = E ⊕ F ⊕ G, then, the theorem gives the existence of a plaque family tangent to E ⊕ F and another one tangent to F ⊕ G. At each point of K, one can take the intersections between the plaques of these two families and obtain a locally invariant plaque family that is tangent to F .
End of the proof of proposition 3.2. Let us consider an invariant compact set K which is partially hyperbolic (we have a splitting T K M = E ss ⊕ E c ⊕ E uu ) and whose central bundle E c is one dimensional. By using the plaque family theorem (and the remark 3.3), we get a locally invariant plaque family D tangent to E c . One will first assume that the bundle E c is orientable and that f preserves an orientation of E c . Since the bundle E c is one-dimensional, it is a trivial bundle and E c (1) can be identify with the product K × R so that the map D sends K × {0} onto K. Since the plaque family is locally invariant, the dynamics of f in M lifts as a continuous dynamicsf : When E c has no orientation preserved by f , one can consider the two-fold orientation coveringẼ c of E c and the lifted mapD fromẼ c (1) to M . The dynamics on M again lifts as a continuous dynamicsf defined in a neighborhood U of the zero section ofẼ c . Moreover, considering any orientation of the bundleẼ c , one can require that the mapf preserves this orientation (as a consequencef is uniquely defined in U by the choice of an orientation). Denoting byK the base (i.e. the zero section) ofẼ c , one identifiesẼ c (1) with the productK × R and as above, the mapD :K × [0, +∞) → M shows that (K,f ) is a central model for (K, f ). The map D :K × {0} → K can be viewed as the bundle of orientations on E c K . Hence, the last assertion of the proposition is a consequence of the next lemma.
Lemma 3.4. Let K be an invariant compact set and E be an invariant one-dimensional linear subbundle of the tangent bundle on K. Letf be the lift of f on π :K → K, the bundle of orientations of E over K.
If K is chain-transitive (resp. minimal) and if f does not preserve any orientation on E, then, (K,f ) is also chain-transitive (resp. minimal).
Proof. Any point x ∈ K has two preimagesx − andx + by π and there exists an homeomorphism σ :K →K which exchangesx − andx + for each x ∈ K. The assumption that E has no orientation preserved by f can be restated as:K is not the disjoint union of two invariant compact sets A and A ′ = σ(A).
Let us now assume that (K, f ) is chain-transitive: for any two points x, y ∈ K, we have x ⊣ y (see section 1). By lifting the pseudo-orbits toK, we get that one of the two properties is satisfied:
One deduces that any chain recurrence class ofK projects down by π onto the whole K. Hence, if K is not chain-transitive, it is the disjoint union of two chain transitive classes A and A ′ = σ(A) giving a contradiction.
We end the proof by assuming that (K, f ) is minimal. Any minimal set A ⊂K projects down by π onto the minimal set K. Moreover A ′ = σ(A) is also a minimal set. Hence, either A = A ′ =K showing the minimality ofK or A ∩ A ′ = ∅ giving a contradiction.
Let us remark that if x is a point in K, then, any pointx ∈ π −1 (x) in the central model is associated to a half central curve: the parameterized C 1 -curve π(x, [0, +∞)). It defines an orientation of E c x . The construction of (K,f ) in the proof of proposition 3.2 gives more information: × [0, +∞) ) and π ′ ({x} × [0, +∞)) at x given by the two models for (K, f ).
If f does not preserve any orientation of E c
K , then π :K → K is two-to-one: any point x ∈ K has two preimagesx − andx + inK. The homeomorphism σ ofK which exchanges the preimagesx − andx + of any point x ∈ K commutes withf . Any point x ∈ K is contained in a central curve which is the union of the two half central curves π({x − } × [0, +∞)) and π({x + } × [0, +∞)) at x associated tox − and tox + (they have different orientation).
Chain-recurrent central segments
In this section we consider the existence of a chain-recurrent central segment.
Proposition 3.6. For any diffeomorphism f in the dense
G δ subset G rec ∩ G shadow of Diff 1 (M
), any chain-transitive compact set K which is partially hyperbolic with a one-dimensional central bundle satisfies the following property: If a central model of (K, f ) has a chain-recurrent central segment, then K is contained in (non-trivial) relative homoclinic classes that are included in arbitrarily small neighborhoods of K.
One gets this proposition from the following result, which is a restatement of theorem 12 of [BGW] (we state it for any chain-transitive set).
Proposition 3.7. Let f be a diffeomorphism in the dense G δ subset G rec ∩ G shadow and Λ be a chain-transitive and partially hyperbolic set with a one-dimensional central bundle.
If Λ contains a C 1 curve γ that is not tangent to the strong stable nor to the strong unstable bundle, then, Λ is contained in a (non-trivial) homoclinic class H(P ). More precisely: in any neighborhood of Λ there exists a relative homoclinic class containing Λ.
Proposition 3.7 is a consequence of the results in [BC] and [Cr] . For complexness we explain the main ideas of the proof, as given by Bonatti, Gan and Wen: Let us first discuss the case both bundles E ss and E uu are non trivial (see figure 1) . Let us consider a small segment [A, B] in the curve γ, a point z in the interior of this segment, and a small differentiable disk D centered at z and transverse to γ. Any one-dimensional foliation, that contains the curve γ as a leaf, defines (by holonomy along the foliation) a submersion Π from a neighborhood of γ onto D. This foliation may be endowed with an orientation on its leaves such that A < B on the segment γ. Let P and Q be two points close to γ and whose orbits stay in a small neighborhood of Λ. They have local strong stable and strong unstable manifolds. The projections of W ss loc (P ) and W uu loc (Q) by Π intersect in a unique point of D. This shows that there exists a unique leaf L of the foliation which intersects both W ss loc (P ) and W uu loc (Q). Each intersection is reduced to a unique point p and q ∈ L respectively. Using the order in the leaf L, one denotes W ss loc (P ) < W uu loc (Q) if p < q and W ss loc (P ) > W uu loc (Q) if q > p. Note that the pair (p, q) varies continuously with (P, Q). If one fixes the point Q close to z and if P varies inside the segment [A, B], one gets W ss loc (A) < W uu loc (Q) and W ss loc (B) > W uu loc (Q). Hence, by continuity, there exists a point P in γ such that W ss loc (P ) and W uu loc (Q) intersect. The case E uu (or E ss ) is trivial is simpler: for any point Q close to z and whose orbit stays in a small neighborhood of Λ, the (one-codimensional) strong stable manifold of Q intersects γ. One deduces that the forward orbit of Q accumulates on a subset of Λ in the future.
We thus have proven:
Lemma 3.8. Let U be a neighborhood of Λ and z a point in γ. Then, there exists a neighborhood V of Λ and W of z such that for any point Q ∈ W whose orbit stays in V , either the orbit of Q accumulates (in the past or in the future) on a subset of Λ, or both bundles E ss and E uu are non-trivial and there exists
• a point p s ∈ W ss (Q) whose orbit stays in U and accumulate on a subset of Λ in the past,
• a point p u ∈ W uu (Q) whose orbit stays in U and accumulate on a subset of Λ in the future.
In particular, any chain-transitive set contained in V and intersecting W is contained in a larger chain-transitive set Λ ′ ⊂ Cl(U ) that intersects Λ.
Since f belongs to G shadow , by theorem 1.2 the set Λ is approximated for the Hausdorff distance by periodic orbits having a point close to some point z ∈ γ. One deduces that there exists chain-transitive sets Λ ′ that contain Λ, that contain some periodic orbits, and that are contained in an arbitrarily small neighborhood of Λ. Since f belongs to G rec , by theorem 1.1 the set Λ ′ can be assumed to be a relative homoclinic class, concluding the proof of the proposition 3.7.
Note that the proof gives some interesting additional properties (that we will not use here):
Addendum 3.9. Under the assumptions of proposition 3.7, we have moreover:
• Any periodic orbit which is close to Λ for the Hausdorff distance belongs to the homoclinic class H(P ).
• We now prove proposition 3.6.
Proof of proposition 3.6. Let (K,f ) be a central model for (K, f ) with a chain-recurrent central segment. By proposition 2.5, the existence of chain-transitive central segments is a local property ofK: if (K,f ) has a chain-transitive central segment, then, in any neighborhood ofK × {0} inK × [0, 1), there exists an invariant compact chain-transitive setΛ which contains a chaintransitive central segment I. If one projectsΛ in the manifold, one obtains a chain-transitive set Λ contained in an arbitrarily small neighborhood of K. Hence Λ is partially hyperbolic.
The projection of I in the manifold is a C 1 -curve γ which is tangent to the central bundle at some point of K ∩ γ. Hence, the curve γ is not tangent to the strong stable nor to the strong unstable bundles and proposition 3.7 applies to Λ: Λ is contained in a relative homoclinic class H(P, U ). Since Λ can be chosen arbitrarily close to K, the set H(P, U ) is contained in an arbitrarily small neighborhood U of K.
Trapping strips
In this section we discuss the dynamics of central models having a trapping strip. In the proof of the proposition, the bundles E ss and E uu will play a different game, due to our assumption on the existence of a trapping strip S for f (not for f −1 ). Before, we discuss the local dynamics in the neighborhoods of the periodic points of K (see lemma 3.11 below).
For any pointx ∈K, we denote by σx the curve in M which is the projection by π of the segment S ∩ ({x} × [0, 1)). Since S is a trapping region, we have the inclusion f (Cl(σx)) ⊂ σf (x) .
One can also consider the maximal invariant set Λ = ∩ n≥0f n (S) in S. This is a compact strip and for any pointx ∈K, we denote by γx ⊂ σx the curve in M which is the projection by π of the segment Λ ∩ ({x} × [0, 1)). We have the equality f (γx) = γf (x) .
Since Λ is compact and contained in the open setf (S), the family (γx)x ∈K satisfies a semicontinuity property: for any δ > 0 and for any pointsx,x ′ ∈K that are close enough, the curve γx′ is contained in the δ-neighborhood of σx.
We state some consequences of the properties of addendum 3.5:
• There exists a plaque family (D cs x ) x∈K tangent to E ss ⊕ E c such that any curve γx is contained in the plaque D cs x centered at the point x = π(x).
• Λ is partially hyperbolic with a one-dimensional central bundle.
• Any preimagex by π of a periodic point x ∈ K is periodic. In particular, the curve γx is periodic by f . One endpoint is x = π(x), the other one is a periodic point denoted by Px.
Since f is Kupka-Smale, γx is the union of finitely many periodic points and of segments contained in the stable sets of these periodic points.
If z is a periodic point contained in a periodic segment γx, it belongs to the partially hyperbolic set Λ. Moreover, its local strong stable manifold W ss loc (z) is contained in the plaque D cs x . (The local strong stable manifold can be obtained as the unique fixed point of a graph transform. Since the plaque family D cs is locally invariant, the iterates of a graph in a plaque of D cs under the graph transform converge towards the local strong stable manifold in the plaques of D cs ). Since W ss loc (z) is one-codimensional in D cs x , it separates the plaque in two components. In particular, one can define the half plaque D cŝ x bounded by W ss loc (x) and containing the curve γx. We describe the dynamics inside the half periodic plaques (see figure 2):
Lemma 3.11. There exists η > 0 such that for any pointx ∈K which lifts a periodic point x ∈ K, one has: 
One fixes a small constant δ > 0 and for any periodic pointx, one considers the δ-neighborhood U (x) of σx in the half plaque D cŝ x : any point z ∈ U (x) can be joint to a neighborhood of σx inσx by a small curve c tangent to C ss and contained in D cŝ x .
0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 0000000 Let us consider an orbit (z 0 , . . . , z n ) contained in the neighborhoods U (x), . . . , U (f n (x)) and such that z 0 belongs to the η-neighborhood of σx, for some small η > 0. The backward iterate f −n (c n ) of a small curve c n tangent to C ss that joints z n to a point z ′ n ofσf (x) is tangent to C ss , contained in U (x) and has a bounded length. This implies (by contraction of the vectors in the cone field C ss ) that the length of c n is exponentially small when n is large. Moreover, the point f −n (z ′ n ) belongs toσx so that z ′ n is arbitrarily close to γx when n is large. We have thus showed that the forward orbit of any point z 0 in the η-neighborhood of σx in the half plaque D cŝ x accumulates on a subset γx ∪ . . . f τ −1 (γx), where τ is the period ofx byf . One concludes the proof using that the dynamics on γx is Morse-Smale.
Corollary 3.12. The bundle E uu is non-trivial.
Proof. The proof is done by contradiction: if E uu is trivial, lemma 3.11 shows that for any periodic pointx ∈K, the associated periodic point Px is a sink whose basin (the points y ∈ M such that d(f n (Px), f n (y)) → 0 when n → +∞) has a volume uniformly bounded from below. The basin of distinct iterates of Px are pairwise disjoint and since M has finite volume, the period of Px is uniformly bounded. Since f is Kupka-Smale, and K contains infinitely many periodic orbits, the periodic points inK have arbitrarily large period. The same property holds for the points Px giving a contradiction.
We now come to the proof of proposition 3.10: two cases should be considered.
The non-orientable case
By addendum 3.5.3), any point x ∈ K has two preimagesx − andx + by π. Moreover, the set Γ x = γx− ∪ γx+ is a C 1 -curve contained in the plaque D cs x . By corollary 3.12, one can consider the local strong unstable manifolds of points in Γ x : Lemma 3.13. Let x, x ′ be two periodic points in K that are close from each other. Then, the local strong unstable manifold of any point y ∈ Γ x ′ intersects transversally the local stable manifold of a periodic point of Γ x .
Proof. Since, x and x ′ are close, the local strong unstable manifold W uu y intersects the plaque D cs x . By semi-continuity of the family (γẑ)ẑ ∈K , the intersection point belongs to the η-neighborhood of σx− ∪σx+ in D cs x . Hence, by lemma 3.11, the strong unstable manifold of z intersects transversally the stable manifold of a periodic point of Γ x .
The diffeomorphism f is a Kupka-Smale diffeomorphism; since K contains infinitely many periodic points, it contains periodic points with arbitrarily large period. In particular, there exists a periodic point x ∈ K having a return x ′ = f n (x) = x arbitrarily close to x and lemma 3.13 may be applied to the pair (x, f n (x)). One will work with the periodic points p in Γ x : each of them may be lifted by π −1 in {x − } × [0, +∞) or in {x + } × [0, +∞) as a periodic point forf . One will show that one of them has a non-trivial relative homoclinic class in a small neighborhood U of π(S).
Let us consider Smale's partial order on the periodic points: for two periodic points p and q, we write p ≥ q if the unstable manifold of p intersects transversally the stable manifold of q. The λ-lemma implies that this is an order. One chooses among the (finitely many) periodic point contained in Γ x a point p which is minimal for Smale's order. By lemma 3.13, there exists a periodic point q in Γ x ′ such that p ≥ q. Similarly, there exists a point p ′ in Γ x such that q ≥ p ′ . Since p is minimal for Smale's ordering among the periodic points of Γ x , one also has p ′ ≥ p; by transitivity of ≥ one thus gets q ≥ p. We thus have p ≥ q ≥ p, showing that the two distinct periodic points p, q are homoclinically related. This implies that their homoclinic classes coincide and are non-trivial.
Note that if one chooses the points x, x ′ ∈ π(S) close enough, the points p and q are related by a pair of heteroclinic points whose orbits stay in an arbitrarily small open neighborhood U of π(S): one defines p ≥ q for periodic points whose orbits are contained in U if there exists a transverse intersection point between the unstable manifold of p and the stable manifold of q whose orbit is contained in U . Since U is open, by the λ-lemma, this defines again an order on the periodic points whose orbits are contained in U . This proves proposition 3.10 in the non-orientable case (we did not need to perturb f ).
The orientable case
In this case, one has to consider points in K that are in a twisted position. This geometry already appeared in [BGW] and we describe here a perturbation result Bonatti, Gan and Wen proved there for getting homoclinic intersections.
We start the discussion by considering any partially hyperbolic set Λ with a one-dimensional central bundle and whose strong bundles E ss and E uu are non trivial. One chooses a small cone field C c on a neighborhood of Λ around the bundle E c . This can be done in the following way: one first extends continuously the subbundle E c in a neighborhood of Λ, one chooses a small constant χ > 0 and one then defines at any point x ∈ M close to Λ:
where v c is the orthogonal projection of v on E c x . The open sets C c x \ {0} have two components and for r 0 > 0 small enough, the open balls V in M of radius r 0 are simply connected. Hence, one can endow any of these balls with an orientation of C c V (using for example a linear form which does not vanish on non-zero vectors of C c V .) We also fix a small constant L > 0.
Let V be a ball of radius r 0 endowed with an orientation of the central cone field. For any points p, q ∈ K ∩ V , one says that p is below (resp. above) q if there exists a positively (resp. negatively) oriented C 1 curve tangent to C c of length smaller than L that joins a point in the local strong unstable manifold of p to a point contained in the local strong stable manifold of q. (One says that p is strictly below q if the curve has non-zero length).
We mention two properties that justify these definitions (but that will not be used in the following). For points close enough, the position of p with respect to q is well defined:
Lemma 3.14. If L is small enough, p can not be both strictly below and strictly above q.
Proof. It is similar to the proof of lemma 6.1 in [BGW] : in small charts, the bundles E ss , E uu and the cone field C c are almost constant. If there exists two positively oriented C 1 curves [A, B] and [C, D] tangent to C c with A, D ∈ W ss loc (P ) and B, C ∈ W uu loc (Q), the sum − − → AB + − − → CD belongs to a central cone field (since both vectors belong to a central cone field and are positively oriented) and the sum − − → AD + − − → CB belongs to a sharp cone around the space E ss ⊕ E uu . This is a contradiction since these sums coincide.
On the other hand, any two close points p, q ∈ K ∩ V can always be compared:
Lemma 3.15. If p, q are close enough, then p is either below or above q.
Proof. It is similar to the proof of lemma 3.8: one can cover a neighborhood of the ball V with a smooth one-dimensional foliation tangent to the central cone field C c such that any point in V projects by the holonomy along this foliation on a transverse one-codimensional disk D. For any points p, q ∈ V , the local strong unstable manifold of P and the local strong stable manifold of q intersect a leaf of the foliation, providing us with a C 1 -curve tangent to C c that joins the two local strong manifolds. The fact that p is below q does not imply that q is above p (even if p, q are close from each other). This motivates the following definition (see figure 3) : Definition 3.16. Two points p, q ∈ K ∩ V are in a twisted position if
• either p is below q and q is below p,
• or p is above q and q is above p.
Note that this definition does not depend on the choice of an orientation of the central cone field on V . One deduces that it may be extended for any pair of points p, q ∈ Λ that are close enough, without specifying a ball V that contains both of them.
Definition 3.17. We say that a sequence of periodic orbits (O n ) n∈N in Λ has twisted returns if there exists ε > 0 small, such that any points p, q contained in a same orbit O n and at a distance smaller than ε are in a twisted position.
The definition remains unchanged if one replaces the cone field C c by a central cone field defined on a smaller neighborhood of Λ and which has sharper cones around E c . Since ε > 0 can be chosen arbitrarily small, the definition does not depend on the choice of a Riemannian metric nor of a central cone field.
Here is the perturbation result proved by Bonatti, Gan and Wen (we give a slightly more precise statement than theorem 9 of [BGW] 
• a diffeomorphism g ∈ U that coincides with f outside U and on a neighborhood of O n 0 , such that the relative homoclinic class of O n 0 in U is non-trivial.
We explain the idea of the proof (see figure 3) : for a periodic orbit O n 0 with a large period, we consider in a chart two points p and q = f k (p) of O n 0 that minimize the distance d(p, q) inside the finite set O n 0 . They are in a twisted position and there exist two small curves [A, B] and [C, D] tangent to the central cone field such that A and C belong to the local strong stable manifold of p and q respectively, D and B belong to the local strong unstable manifold of p and q respectively. The bundles E ss and E uu in the chart are almost constant, so that the twisted position implies that the lengths of [A, B] and [C, D] are very small in comparison to the distance between p and q. On the other hand, since d(p, q) is minimal, the four distances (B, q) and d(C, q) are comparable to d(p, q). This shows that for any constant ρ ≥ 1, one can assume that the ball V ρ centered at A and of radius ρ d(A, B) does not intersect p nor q. It does not intersect either any point f j (p) of the orbit O n 0 since some forward iterate f j+r (p) would be close to f r (A) and hence at a distance to f r (q) smaller the distance d(p, q). After choosing a suitable constant ρ > 0, one can thus apply Hayashi's connecting lemma in V ρ in order to joint the backward orbit of B to the forward orbit of A and create an intersection between the local strong stable and unstable manifold of p and q.
Remark 3.19. The proof produces an intersection between the strong stable and the strong unstable manifolds of O n 0 . We already noticed (addendum 3.9) that if the central Lyapunov exponent of this periodic orbits is weak, then one can create a heterodimensional cycle by a small C 1 -perturbation of the dynamics.
Proof of proposition 3.10 in the orientable case.
For η > 0 small, we denote by D cs (Px) the ball of radius η centered at Px in the plaque D cs x of x = π(x). The local strong stable manifold W ss loc (Px) cuts this ball in two open disjoint components: D cs − (Px) and D cs + (Px) such that the latter is both contained inD cŝ x and disjoint from γx. We choose an orientation of E c on K so that the parameterized curve π({x} × [0, +∞)) for eachx ∈K is positively oriented at x = π(x). By addendum 3.5.2), one can assume that the orientation of E c on K extends on Λ = π(Λ) whereΛ is the maximal invariant set off in S. For a periodic pointx, the parameterized curve π({x} × [0, +∞)) first intersects D cs − (Px) and then D cs + (Px). One can reduce to the case the bundle E ss is non-trivial: if one assumes that E ss is trivial, the sets D cs + (Px) is a curve of length η > 0. Let us denote by Bx the half ball of radius η centered at Px in M , bounded by the (one-codimensional) local strong unstable manifold W uu loc (Px) and intersecting the curve D cs + (Px); its volume is uniformly bounded from below. As in the proof of corollary 3.12, the period of Px can be assumed arbitrarily large and there exist two distinct iterates Pf k (x) and Pf ℓ (x) of Px that are arbitrarily close. Their local strong unstable manifolds are disjoint and have uniform size. Hence, (up to exchanging k and ℓ), the point Pf ℓ (x) belongs to Bf k (x) and the local strong unstable manifold of Pf ℓ (x) intersects transversally the curve D cs + (Pf k (x) ) at a point z. By lemma 3.11, D cs + (Pf k (x) ) is contained in the local stable manifold of Pf k (x) . The orbit of z stays in an arbitrarily small neighborhood U of π(S), hence, the relative homoclinic class of Px in U is non-trivial, proving proposition 3.10 in this case.
By corollary 3.12, the bundle E uu also is non-trivial. Hence, we can apply the beginning of section 3.4.2 to the partially hyperbolic set Λ. Let us fix a small constant ε > 0. If some point Px has a return Pf k (x) = Px at distance less than ε, the local (strong) unstable manifold of Pf k (x) intersects transversally the ball D cs (Px). The local strong unstable manifold of Pf k (x) may thus be joint to the strong stable manifold of W ss loc (Px) by a small curve tangent to a central cone C c and contained in one of the two half balls D cs − (Px) or D cs + (Px). By our choice of the global orientation on Λ, either the local unstable manifold of Pf k (x) intersects D cs − (Px) and Pf k (x) is below Px, or it intersects D cs + (Px) and Pf k (x) is above Px. Since D cs + (Px) is contained in the local stable manifold of Px (by lemma 3.11), the second case implies that the invariant manifolds of Px intersect transversally at a point z. The orbit of z stays in a small neighborhood of π(S) and proposition 3.10 again holds.
We are thus led to consider the situation where for any point Px and any returns Pf k (x) and Pf ℓ (x) that are ε-close, Pf k (x) is below Pf ℓ (x) . By symmetry, Pf ℓ (x) is below Pf k (x) , so these points are in a twisted position and the sequence of orbits of the points Px has twisted returns. We already noticed that their periods go to infinity. So, one can apply theorem 3.18 and conclude that some periodic orbit of π(S) has a non-trivial relative homoclinic class in U after a C 1 -small perturbation of f .
Existence of non-trivial homoclinic classes 4.1 Some simple cases
Let f be a C r diffeomorphism, r ≥ 1. We first recall how to get a transverse homoclinic intersection by a C r -perturbation of f in some particular cases. This shows that the closure of MS ∪ I in Diff r (M ) contains Hyp ∪ T ang ∪ Cyc.
1) The hyperbolic diffeomorphisms. Let f ∈ Hyp be a hyperbolic diffeomorphism. Since the Kupka-Smale diffeomorphisms are dense in Diff r (M ) and since Hyp is open, one can replace f by a Kupka-Smale diffeomorphism g arbitrarily C r -close to f and whose chainrecurrent set R(g) is hyperbolic. If R(g) is finite, then g is a Morse-Smale diffeomorphism. In the other case R(g) has a non-isolated point z. By the shadowing lemma, the periodic orbits are dense in R(g) and z is the limit of a sequence of distinct hyperbolic periodic points. The hyperbolicity of R(g) then implies that all the periodic orbits that intersect a small neighborhood of z are homoclinically related. One deduces that g has a transverse homoclinic intersection. Thus (MS ∪ I) ∩ Hyp is dense in Hyp. In particular,
Hyp ⊂ Cl(MS ∪ I).
2) The homoclinic tangencies. Let f ∈ T ang be a diffeomorphism having a hyperbolic periodic point p whose invariant manifolds have a non-transverse intersection point z. By an arbitrarily C r -small perturbation of f in a neighborhood of f −1 (z) one can modify the stable manifold of p at z without changing the unstable manifold and create a transverse homoclinic intersection point. Hence,
3) The heterodimensional cycles. Let f ∈ Cyc be a diffeomorphism having two hyperbolic periodic orbits O 1 and O 2 such that the dimension of the stable spaces of O 1 is strictly less than the dimension of the stable spaces of O 2 and such that moreover, the unstable manifold of O 1 (resp. of O 2 ) intersects the stable manifold of O 2 (resp. of O 1 ) at a point x (resp. y). Since dim (W u 
Consequently, there exists a small neighborhood U of y and a sequence (y n ) converging towards y such that the backward orbit of each f −1 (y n ) is disjoint of U and contained in W u (O 1 ). By a C r -small perturbation of f in f −1 (U ), one thus can create a transverse homoclinic intersection point for O 1 . Hence, Cyc ⊂ Cl(I).
Existence of partially hyperbolic sets: proof of theorem A
In this section we study the minimally non-hyperbolic sets, i.e. the invariant compact sets that are non-hyperbolic and whose proper invariant compact subsets are all hyperbolic. Zorn's lemma implies that the chain-recurrent set of a non-hyperbolic diffeomorphism always contains minimally non-hyperbolic sets. More precisely, we have:
Proposition 4.1. Let f be a diffeomorphism in G rec \ Hyp. Then, either f belongs to I or there exists a non-hyperbolic invariant set K 0 which carries a minimal dynamics.
Proof. Note that if all the chain-recurrence classes of f are hyperbolic, the chain-recurrent set R(f ) is hyperbolic, which is not the case since f does not belong to Hyp. Hence, there exists a chain-transitive set K 0 of f which is non-hyperbolic. By Zorn's lemma, one can assume that K 0 is minimal for the inclusion. If K 0 is not a minimal set, it contains a hyperbolic set K K 0 . By the shadowing lemma, the chain-recurrence class containing K and K 0 contains a periodic orbit and (using that f belongs to G rec ) by theorem 1.1, is a (non-trivial) homoclinic class. This shows that f has a transverse homoclinic orbit.
In his work [W] on the strong Palis conjecture, Wen gets the following result (see [W, theorem B] ) for transitive minimally non-hyperbolic sets. The proof uses here S. Liao's selecting lemma (proposition 3.7 in [W] , see also [L] ) to analyze a dominated splitting T K 0 M = E ⊕ F over a transitive minimally non-hyperbolic set K 0 . If neither E nor F is uniform, two cases can occur:
Theorem 4.2. There exists a dense G
• Either Liao's selecting lemma can be used; in this case, K 0 intersects a homoclinic class H(P ) (see lemma 3.8 in [W] ). Moreover the dimension of the stable space of P is equal to the dimension of E.
• Or Liao's selecting lemma can not be applied and K 0 contains a hyperbolic set A (see lemma 3.12 in [W] ). Moreover, if f does not belong to Cl (T ang) , one can choose A such that the dimension of its stable bundle is less or equal to the dimension of E.
With these arguments Wen proves as a step towards theorem 4.2 the following proposition (this is a restatement of proposition 3.13 in [W] , but the proof is the same): Note that if f also belongs to G rec in the previous proposition, the set K 0 is contained in H(P ). One thus deduces from theorem 4.2 and proposition 4.3:
Corollary 4.4. Let f be a diffeomorphism in G mini ∩ G rec having a transitive minimally nonhyperbolic set K 0 . Then,
• either K 0 intersects a non-trivial homoclinic class and f belongs to I,
• or K 0 is partially hyperbolic with a one-dimensional central bundle.
Proof. By theorem 4.2, the set K 0 is partially hyperbolic. If the central bundle is not onedimensional, there exists a dominated splitting T K 0 = (E ss ⊕ E c 1 ) ⊕ (E c 2 ⊕ E uu ) into two bundles that are not uniformly contracted or expanded. One can thus apply proposition 4.3 to this decomposition and f has a non-trivial homoclinic class. Hence, f belongs to I.
The theorem A is now a direct consequence of these results.
Proof of theorem A. By theorem 4.2, the set G mini ∪ T ang ∪ Cyc is dense in Diff 1 (M ); so by section 4.1, the set G mini ∪ MS ∪ I has also this property. Hence, by Baire theorem, the set G A = (G mini ∪ MS ∪ I) ∩ G rec ∩ G KS is a dense G δ subset of Diff 1 (M ). Any diffeomorphism f ∈ G A \ (MS ∪ I) belongs to G rec \ Hyp (by section 4.1) and by proposition 4.1 has a non-hyperbolic invariant compact set K 0 which carries a minimal dynamics. In particular, K 0 is a transitive minimally non-hyperbolic set. Since f is Kupka-Smale, K 0 is not a periodic orbit. Since f belongs to (G mini ∩ G rec ) \ I, one can apply corollary 4.4: the set K 0 is partially hyperbolic with a one-dimensional central bundle, as required. • a periodic orbit O that is ε-close to K 0 for the Hausdorff distance,
• a diffeomorphism g ∈ U that coincides with f outside U and on a neighborhood of O, such that the relative homoclinic class of O in U is non-trivial for g.
Proof.
If one assumes that K 0 contains a periodic orbit, then (since f belongs to G rec ) by theorem 1.1 the set K 0 is contained in a non-trivial relative homoclinic class H(P, V ) where V ⊂ U is an arbitrarily small neighborhood of K 0 . Hence, the conclusion of proposition 4.5 is satisfied by the diffeomorphism g = f and any periodic orbit O related in V to the orbit of P and close to H(P, V ) for the Hausdorff distance. We now assume that K 0 contains no periodic point. Since f belongs to G shadow , by theorem 1.2 the set K 0 is the limit for the Hausdorff distance of a sequence of periodic orbits (O n ). Since K 0 is not a single periodic orbit, the period of O n goes to infinity with n. One introduces the set K as the union of K 0 with the periodic orbits O n for n ≥ n 0 . If n 0 is large enough, the set K is arbitrarily close to K 0 for the Hausdorff distance. In particular, it is a partially hyperbolic set with a one-dimensional central bundle. If f preserves an orientation on the central bundle E c over K 0 , then f also preserves an orientation on the central bundle over K, by proposition 1.3. Now, we apply proposition 3.2 and introduce a central model (K,f ) for (K, f ) with a projection π which satisfies the properties stated in addendum 3.5. By considering the points in
• a periodic orbit O of f which is the projection by π of a periodic orbitÔ ⊂ S off (hence O is ε-close to K 0 for the Hausdorff distance),
• a diffeomorphism g ∈ U that coincides with f outside U and on a neighborhood of O such that the relative homoclinic class of O in U is non-trivial.
This ends the proof of the proposition.
One concludes the proof of the theorem by a Baire argument.
Proof of theorem B. Let us consider a dense countable subset X of M . For any finite set {x 1 , . . . , x r } in X, and any n ≥ 1, the define the set I(x 1 , . . . , x r , n) of diffeomorphisms in Diff 1 (M ) having a non-trivial relative homoclinic class whose Hausdorff distance from the set {x 1 , . . . , x r } is strictly less than 1 n . This set is open. We denote by U(x 1 , . . . , x r , n) the set Diff 1 (M ) \ ∂(I(x 1 , . . . , x r , n)) which is open and dense in Diff 1 (M ). By Baire theorem, the set ...,xr,n) U(x 1 , . . . , x r , n) of Kupka-Smale diffeomorphism that satisfy both theorems 1.1 and 1.2 and that are contained in each U(x 1 , . . . , x r , n) is a dense G δ subset of Diff 1 (M ). For a diffeomorphism f ∈ G B , we consider a chain-transitive partially hyperbolic set K 0 which has a one-dimensional central bundle and which is not a periodic orbit. We fix n ≥ 1. There exists a set {x 1 , . . . , x r } whose Hausdorff distance to K 0 is strictly less than having a non-trivial relative homoclinic class at distance less than 1 2n from K 0 , hence at distance strictly less than 1 n from {x 1 , . . . , x r }. One deduces that f is accumulated by diffeomorphisms in I(x 1 , . . . , x r , n). Since f belongs to U(x 1 , . . . , x r , n), it also belongs to I(x 1 , . . . , x r , n). Thus, f has a non-trivial relative homoclinic class 1 n -close to {x 1 , . . . , x r } and 3 2n -close to K 0 for the Hausdorff distance. This shows that K 0 is the limit of non-trivial relative homoclinic classes, as required.
